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j. . tubes in FLRW spacetimes by using a basic relation between these objects and CMC 

surfaces in 3-manifolds. We also provide a new method to construct marginally trapped 
surfaces in closed FLRW spacetimes, which is based on the classical Hopf map. The utility 
' of this method is illustrated by providing marginally trapped surfaces crossing expanding 

and collapsing regions of a closed FLRW spacetime. The approach introduced in this 
paper is also extended to twisted spaces. 
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Abstract 

In the present paper we provide new examples of marginally trapped surfaces and 



^ ■ PACS: 02.40-k 04.20-q. 

' Ksy words. Warped spacetimes, trapped surface, marginally trapped surface/tube, CMC surface, minimal surface, 

Hopf fibration, Clifford tori, twisted space. 



1 Introduction 

The notion of trapped surface was firstly introduced by Penrose [25] in order to study singular- 
ities in General Relativity. These surfaces, and their various relatives, have been extensively 
studied in recent years (just to mention a few, see e.g. O El [121 [I9])i since they are central 
not only for singularity theorems, but also to understand the evolution of black holes, the 
cosmic censorship hypothesis, the Penrose inequality... 

Trapped surfaces have the physical property that the two null congruences normal to 
the surface are both converging. From the mathematical point of view, the null converging 
condition means that the mean curvature vector, which measures the tension of the surface 
coming from the surrounding space, is a timelike vector everywhere on the surface. If, in 
addition, the mean curvature vector is future- or past-pointing all over the surface, the trapped 
surface is accordingly called future- or past-trapped. 
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In this paper, a closed surface is a compact surface without boundary, embedded in 
some other semi-Riemannian manifold. The existence of closed trapped surfaces has been 
investigated in several types of spacetimes. For example, the formation of these surfaces in 
several cosmological spacetimes have been studied in [131 [20]. 

A spacelike surface in a 4-dimensional Lorentzian manifold is called marginally trapped if 
its mean curvature vector is null. When its mean curvature vector is zero all over the surface 
it is called extremal. 

In order to gain some idea of the properties of marginally trapped surfaces in particular 
spacetimes, classification results were obtained for the case of having positive relative nullity 
in Lorentzian space forms [lOj and in Robertson- Walker spaces [Tl] . In [141 \TE[ [T6] marginally 
trapped surfaces invariant under symmetries of 4-dimensional Minkowski space were stud- 
ied. A complete classification of spacelike surfaces in a 4-dimensional Lorentzian spacetime, 
containing the above cases, was recently given in [31] . 

Some results concerning the non-existence of closed marginally trapped surfaces can be 
also found in the literature. Among the classical ones, a result due to R. Penrose [25] implies 
the non-existence of closed marginally trapped surfaces in the Minkowski spacetime when it 
bounds a compact domain. In ^21j the non-existence of closed marginally trapped surfaces 
is shown for strictly stationary spacetimes. Finally, in [8] the authors have shown the non- 
existence of marginally trapped surfaces bounding a domain and entering a region of a static 
spacetime where the Killing vector field is timelike, and with the additional assumptions of 
dominant energy condition and an outer untrapped barrier. 

The main aim of this paper is to provide new examples of marginally trapped surfaces 
and tubes in warped spacetimes. 

1. In Section[2l we establish some existence/non-existence results on trapped and marginally 
trapped surfaces in FLRW spacetimes (Corollaries 12.21 12.41) by using a simple, but fun- 
damental, relation between these surfaces and constant mean curvature surfaces in 3- 
manifolds (Theorem 12. 1|) . In particular, we show the existence of closed marginally 
trapped surfaces with any genus in closed FLRW spacetimes. 

2. In Section [3l we develop a method to construct marginally trapped surfaces in closed 
FLRW spacetimes, which is based on an extension of the classical Hopf map to a sub- 
mersion between closed FLRW spacetimes of dimension 4 and 3. We illustrate it with 
a simple example in Subsection 13.41 In order to show the utility of this constructive 
method, in Subsection 13.51 we apply it to provide marginally trapped surfaces crossing 
expanding and collapsing regions of a closed FLRW spacetime. 

3. Section [5] is devoted to studying marginally trapped tubes. They are defined as smooth 
hypersurfaces foliated by marginally trapped surfaces. Then, we give some existence/non- 
existence results for these objects in closed FLRW spacetimes (Corollaries 14.21 l4.3p . and 
provide examples of them with any type of causal behavior. Subsection 14.11 Finally, in 
Section [5] we extend the approach introduced in this paper to twisted spaces (Theorem 
[5J]1 . 



^This definition may appear sfightly modified in the bibfiography. 
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2 Marginally trapped surfaces in t-slices of warped spacetimes 

In general, given an immersion x : — )■ of a n-dimensional semi-Riemannian manifold 
into another m-dimensional semi-Riemannian manifold, the second fundamental form and the 
mean curvature vector will be denoted by /ix and = trace (/ix)/?^) respectively. 

Let / : / C M — 7- (0, oo) be a smooth function (t G /), (M^, 53) a 3-dimensional Riemannian 
manifold and S a surface. Denote by Mi = I Xf the Lorentzian warped product manifold 
given by the product manifold IxM^ endowed with metric ^4 = —dt'^+f'^g^. Let 93 : S" — )• 
be an immersion of S in M^, ip : — )• / x j the embedding of in I x j and 
(j) : S ^ I X f the corresponding immersion of S in the warped product, both in the t slice 
{t-slice for short). According to a well-known result (see [9l p. 79]), the following relation 
holds between the corresponding second fundamental forms: 

h^{X,Y) = h^{X,Y) + h^{X,Y), whereby X,y E X(S). (2.1) 

The expression of is also known (see e.g. [23l p. 344]): 



_ gradg f _ f 
h^{X, Y) = -g^iX, Y) = g^{X, ^)y'9t, where we have used grad^^/ = -/ dt- 



rl 

Hence, we obtain h^{X,Y) = h^{X,Y) +g^{X,Y)^dt. Taking one half of the trace of the 
above expression, using an orthonormal frame {dt, {Ei}^^^} w.r.t. the metric §4, i.e. Ei = j- 
whereby {cj}?^^ is the corresponding orthonormal frame w.r.t. the metric g^ on (and S), 
one obtains 

H^ = J^ + jdu (2.2) 

where i/^ and H^, stand for the mean curvature vectors associated with /i<^ and h^, respec- 
tively. 

Recall that a surface S is called of constant mean curvature, CMC for short, if the length 
of its mean curvature vector is a constant function. 

Theorem 2.1 A surface S contained in a t^-slice of m\ = I x j is trapped (respectively, 
marginally trapped) iff it is a CMC surface in M^ with 

\\H^\\ < \f'{to)\ {respectively, \\H^\\ = \f'{to)\). 
Proof. We compute the length of the mean curvature H(f,, by making use of (12. 2p : 



f{tofg{H^,H^) = fitof 



f{h? /(to) 



2 



\HA^-nt,f. 



This readily gives the results. ■ 

From this result one can deduce some simple consequences for FLRW spacetimes, i.e. 
warped spacetimes with fiber = M^, S'^ or H^. When the fiber is = we will say 
that our FLRW is closed. 

First, recall that the so-called Clifford tori Cu in S'^ are given by 

Cu := {(2:1,22) G : \zi\ = cos(ti), \z2\ = sin(u)} , u G (0, 7r/2). 
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These are closed surfaces in S with constant mean curvature satisfying 

||#„|| = |2cot(2n)|. (2.3) 

Of course, other CMC tori can be obtained by applying to them isometrics of In addition, 
by making surgery on a finite number of Clifford tori, Butscher-Packard f6] obtained closed 
surfaces in S'^ that are also CMC with arbitrary genus. Moreover, as far as we know, these 
are the only known surfaces in S'^ which are closed, CMC, non-minimal and with arbitrary 
genus. 

Corollary 2.2 (Existence result). There exist closed trapped and closed marginally trapped 
surfaces with arbitrary genus in closed FLRW spacetimes. 

Proof. From Theorem 12. H any surface in with constant mean curvature \\H^\\ = |/'(io)| 
can be seen as a marginally trapped surface in the to-slice of / x j M^. Notice also that there 
exist closed CMC surfaces in = with arbitrary genus (standard spheres; Clifford tori; 
Butscher-Packard surfaces [6J). Therefore, there exist closed marginally trapped surfaces in 
I X J with arbitrary genus. From Theorem 12.11 minimal surface S in can be seen 
as a trapped surface in any to-slice of / x j with /'(to) 0- Notice also that there exist 
closed minimal surfaces in = with arbitrary genus [18]. Therefore, there exist closed 
trapped surfaces in I x j S"^ with arbitrary genus whenever / ^ cte. ■ 

Remark 2.3 Standard spheres and embedded CMC tori can be chosen with any constant 
value of its mean curvature function, and so, there is no restriction for the warping function 
/ in Corollary 12.21 However, the mean curvature function of a Butscher-Packard's surface 
has to be sufficiently small, due to the gluing process. Thus, in this case Corollary 12.21 only 
applies to warping functions of sufficiently small derivative. This observation must be also 
taken into account in Corollary 14.21 

Corollary 2.4 (Non-existence result). Let = I x j be a FLRW spacetime with fiber 
M"^ = M'^. There are no closed marginally trapped surfaces contained in any t^-slice such that 
l/'(io)| < 1. 

Proof. According to a result by do Carmo and Lawson [7j, if S is a closed CMC surface in 
H^, it must be a geodesic sphere with mean curvature satisfying ||-??(^|| > 1. Therefore, the 
proof directly follows from Theorem 12.11 ■ 

Remark 2.5 Formula ()2.2p implies that cannot be future-directed at t = to if /'(^o) ^ 0, 
and so, the following result [29j is reobtained: there are no future trapped (resp. marginally 
trapped) surfaces in any slice of collapsing (i.e. f'{t) < for all t) warped spacetimes. 
Analogously, H^p cannot be past-directed at t = to if /'(to) > 0, hence: there are no past 
trapped (resp. marginally trapped) surfaces in any slice of expanding (i.e. f'{t) > for all t) 
warped spacetimes. 

Remark 2.6 The stability result in [8] (which can be applied to more general surfaces 
than the ones contained in a t-slice, assumed some additional conditions) suggests that the 
marginally trapped surfaces found in this section should be unstable. 
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3 Marginally Trapped surfaces in closed FLRW spacetimes: 
A constructive method 

In the present section we are going to construct marginally trapped surfaces, non-necessarily 
contained in a t-slice of warped spacetimes, by using the classical Hopf map. The price to 
pay is that we will need to restrict our ambient space to closed FLRW spacetimes. 

Very roughly, the idea is as follows. We can see closed FLRW spacetimes I x y as a 
semi-Riemannian submersion over IXf §2(1/2) such that the lift of any curve in I x / §^(1/2) 
gives rise to a surface in I x j §^ whose geometric properties depend on the base curve. Thus, 
by choosing appropriate curves in the base, we can obtain embedded surfaces in / x j §^ with 
mean curvature vector as desired, i.e. spacelike, timelike or lightlike. 

To develop our approach, first we need to recall some notions about semi-Riemannian 
submersions and the Hopf map. 



3.1 Semi-Riemannian submersions 

Let vr : (M,gjv/) — ^ (B, (7b) be a surjective map between semi-Riemannian manifolds. Assume 
that vr has maximal rank. The fibers are 7r~^{b), with 6 G B. A tangent vector to M is called 
vertical (resp. horizontal) if it is tangent (resp. orthogonal) to the fibers. The vertical part of 
vr at a point m G M is ker(d7r)m C T^M. If for each point m G M, vr* satisfies 

gM{u,v) = gBiTr*u,TT^v), (3.1) 

for any horizontal tangent vectors u,v at m £ M, then vr is called a semi-Riemannian sub- 
mersion. This lemma summarizes the basic properties of semi-Riemannian submersions, |22] . 

Lemma 3.1 Let vr : (M.,gM) — ?• (B,gB) be a semi-Riemannian submersion. 

• Given X € X(B), there exists a horizontal lift X G X(M) of X such that X is horizontal 
and TT^X = X 

• Given a curve 'y : I ^ B, to £ I and a point m £ vr~^(7(to)), there exists a unique 
horizontal lift j : I ^ M of 'j, i.e. it satisfies 7(to) = vro7 = 7 and 7' is horizontal. 
In particular, 7 is unitary if, and only if, so is ^. 

• IfV^^ and are the Levi-Civita connections o/M and B, resp., then for any X,Y,Z G 
X(B), gM{V¥Y,Z)=gB{V^Y,Z). 



3.2 The Hopf map and closed FLRW spacetimes 

Let C be the field of complex numbers, with i = \f—\ the complex unit, \z\ the modulus 
of z G C and z its complex conjugate. Firstly, the round 3-sphere in can be seen as 
§^ = \{^z,w) G : |zp + = 1}, with standard metric g^. Also, we can see the round 
2-sphere of radius 1/2 as §^(1/2) = {{z,x) G C x M : \z\'^ + = 1/4}, with standard metric 
52 • We recall the classical Hopf map 

vr : §^ ^ §^(1/2), tt{z,w) = (^zw,^\zf - ^H^), 
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where tJ is the complex conjugate of cj. It is weh-known that vr is a Riemannian submersion 
with totally geodesic fibers. In fact, this Riemannian submersion vr is the quotient map of 
the following isometry group action: 

The fibers of vr are the orbits of the action, i.e. given a point p = (z^w) G S^, the orbit 
is {e*^ ■ p = {e'^^z,e^^w) : e*^ G which is a big circle (geodesic) of S^. We also remark 
that the vertical part of vr at p = {z,w) G is spanned by ip = {iz,iw). In other words, 
ker(dvr)p = Spanjip}. 

Given / : / cM— )• (0,oo) a smooth function {t £ I), consider the closed FLRW spacetime 
Ml = I X f S"^. We also consider the toy model = / x j S^(l/2), i.e. the 3-dimensional 
Lorentzian manifold formed by the product manifold / x S^(l/2) endowed with metric g-^ = 
-dt^ + fg2. Let V, D, V and be the Levi-Civita connections of M^, S^, and S^(l/2), 
resp. Note that the natural projection map of onto / is a semi-Riemannian submersion, 
whose horizontal part is spanned by dt- Then, a vertical vector is orthogonal to dt- Given 
a vector field X G X(S^), there exists a vertical lift X tangent to such that X _L dt- 
Given Z a tangent vector to M^, nor(Z) is the orthogonal projection onto the horizontal 
part, whereas tan(Z) is the orthogonal projection onto the vertical part. Formally, there is a 
similar situation for M^^, so that we can use the same notation. Thus, we obtain |23j : 

Lemma 3.2 Let X, Y be tangent vector fields to (resp. S^(1/2)J and X, Y be vertical 
lifts to Ml (resp. mI): 

1. nor(V^y) = -Ii(^grad3^(/) ^^^sp. nor(V^y) = -^^^grad^^ (/); 

2. tan(Vj5^y) is the vertical lift of DxY (resp. tan(Vj^y) is the vertical lift ofV\Y). 



3.3 Constructing the surface 

From now on, we will make use of Lemma [3.H sometimes without indicating it explicitly. We 
define the projection vf : — ?• Mi as lf{t,p) := (t,vr(p)). 

Lemma 3.3 The map n is a semi-Riemannian submersion with vertical part at {t,p) spanned 
by {0,ip). 

Proof. We denote by dt both, the vector field tangent to M^ and M^. Then, 



'^*dt \it,p)= ^ U=o 7r(i + s,p) = ^ \s=o {t + s,it{p)) = dt |(t,,r{p)) ■ 



Therefore, 

ff3(vr*5t,vr*5t) = -1 = g^{dt,dt). 

For any {t,p) G M^, consider the curve a{s) = {t,cos{s)p + sm{s)ip). Taking into account 
that ker((i7r)p = Span(ip), we deduce: 

vr*(0,ip) = ^ \s=o 7r(a(s)) = {0,TT^{ip)) = (0,0). 
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Finally, take {0,X) G T(f_p)M^ which is orthogonal to ip. Then, 7r^,{0,X) = (0,7r*X). Taking 
into account that vr is a semi-Riemannian submersion, we deduce 

g3{W,iO,X),W,iO,X))=g^{iO,TT,X),iO,TT,X)) = fg2{TT,X,TT,X) 

= fg:,iX,X)=g^i{0,X),iO,X)). m 



We recall that the Hopf map vr is the quotient map of the isometry group action (I3.2p . 
We call : §3 ^ S^^ Te{z,w) = {e'^z,e'^w), which is an isometry of S'^. We extend it to 
as follows. For each e*^ G S^, we define the map 

Te-.Mt^Mt, Te{t,p) = {t,Te{p)). 

Given {t,p) S Mi, consider Ttl = M and TpS^ C C^. Thus, it is possible to let Tq act on 
tangent vectors under these natural identifications. 

Lemma 3.4 For each e*^ G S^, the map Tg is an isometry of m\ with (J'e)* = under 
previous identifications. 

Proof. Firstly, we are going to show that iVe)* = Te- Observe that: 

(Xe)*{dt \(t,p)) = ^ \s=o^e{t + s,p) = ^ \s=o {t + s,Te{p)) = dt \(t^^iep^=Te{dt |(t,p)). 
On the other hand, given a curve 7 in S'^ such that 7(0) = p, 7(0) = X, we have 

(re).(o,x) = ^ |.=o r,(0,7(5)) = ^ |s=o (0,e^S(5)) = (0,e^'^X) = r,(o,x). 

Finally, in order to prove that Tq is isometry, notice that 

54((re)*(0, X), (re)*(0, X)) = g^{{Q, e^^X), (0, e'' X)) = f^g^ie'^X, e''X) 

= f^gsiX,X)=g^i{0,X),{0,X)). m 

Since S^(l/2) is an orientable manifold, is also orientable. We choose the orientation 
on Ml in such a way that for any local positive tangent frame {X, y} on S^(l/2), the set 
{dt,X,Y} is a local positive frame on Mi- 

Let a : J C M — >• be a unit spacelike Frenet curve with frenet apparatus {T = a, N, B} 
and K > 0, T. This means that the Frenet equations are 

VtT = e2KN, VtN = kT + e^rB, VtB = -e2TN, (3.3) 

where £2 = 'g^^NjN), £3 = 'g^{B,B), €2 = —£3 = ±1, and {T,N,B} is a positive basis along 
a. Consider a{,s) = 02(5)), where t : J — )• /, 02 ■ J — )• S^(l/2). By Lemma [3.11 let 

/3 : J C M — )• Ml be a horizontal lift of a. Since /3 is orthogonal to the vertical part of vf, we 
have 

7fo/3 = a, /3 = {t,/32), 7ro/32 = Q2, $2-i-if32- 
Now, we are able to construct a spacelike surface in with the help of Tq and /3. Define: 

(t>:S = JxS'^Mt, <P{s,9)=Te{(3{s)) = {t{s),e''^2{s)). (3.4) 
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It is clear that the derivatives of (f) are 

By using Lemma 13.31 the coefficients of the first fundamental form of (j)*'g4 are the following: 

E = U<Ps, (l>s) = Uii e''$2), (i, e''$2)) = -P + p9^{e''h. e'' ^2) 

= -P + fg3{$2j2)=U$J) = h 
F = qMs, h) = Uii e''$2), (0, ie''l32)) = fg^ie^'h^ie^'h) 

= f93{$2,iP2) = 0, 

G =U<PeAe) = gMie''l32),iO,ie''l32)) = P g^{ie'' 
= Pgm.P2) = P- 

Therefore, {Ui = (ps, U2 = is a globally defined orthonormal tangent frame to S in 

— 4 

M^. We also need to construct an orthonormal normal frame. To do so, we use the isometries 
Te and the vectors N , B along a. By Lemma l3.lt let and B be horizontal lifts of N and 
B, resp., along j3. Define 

VN.riB ■■ S TM\, rjN = {T0)*N, r]B = (re)*S. 



Lemma 3.5 The set {i]n,Vb} is a globally defined, orthonormal, normal frame to S. 
Proof. We note that 

<Ps = {Te)J, <Pe = {TeU0,i/32). 
Bearing in mind these two expressions, (j3.ip and Lemma 13.41 we deduce 

g^im, 0.) = U{^e)*N, {Te)J) = UN, $) = UN, T) = 0, 
94(W,09) =94((re)*iV, (re),(0,i/32)) =g4(^, (0,i/32)) = 0, 

where the last equality holds because N is horizontal and (0,i/32) is vertical. On the other 
hand, 

g^{rjB: (l>s) = g4i(^e)*B, {Te)J) = 54 /?) = MB, T) = 

Um,<Pe)=gi{{'C_e).B,{Te).{Q,ih))=UB,ih = ^ 
Um,VN) = UO^e)*N, {Te^N) = U^ , N) = M^, N) = £2- 

Similarly, we deduce g4,{r]N,r]B) = and g4^{r]B,r]B) = £3- ■ 

Let be the second fundamental form of the inmersion cf) : S ^ m\, and Hfj, = 

4 

2traceg^/i(^ the corresponding mean curvature vector of 5 in M^. Then: 
Lemma 3.6 The mean curvature of (p is given by 

H4s,e^')= 'j(^K{s) + ^^^Udt\ais),N{s))^ -r^^is) 
+1 {j^93idtU),B{s))^ -VBis). 
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Proof. Since we already know Ui, U2, rjjsf and rjB, we have 

2#0 = ^f=i{e2g4ih^{Ui,Ui),r]N)r]N + ^zQiih^iUi, Ui),r]B)r]B}- 
We are going to compute all these four products. By Lemma l3. II and (I3.3P 

gi{h^{Ui,Ui),r]N) =gi{YuiUi,m) =9jy<Ps'Ps,VN) _ 
= gaiVaa, N) = g^{e2t^N, N) = k. 

Similarly, we have 

gi{h^{Ui,Ui),r]B) =g4{yuiUi,VB) =g4{V^$,B) =g3{Vaa,B) 
= g^{e2HiN,B) = 0. 

For C/2, we make use of Lemma l3.2[ We consider the surface in given by 

Since S,e = ie''^P2{s), it is clear that 4>g = {0,£,e)- Also, note that U2 = j(pg = j(0,^e). Since 
hcj>{U2,U2) = ■ph^i^'eAe), we compute 



tan{V^Je) = tan(V(o,5,)(0, ^e)) = (O,!)^,^^). 



(3.5) 



Thus, we have to compute D^g^g. To do so, we recall that the position vector x : — t- 
is a unit normal vector field with second fundamental form hy.{X,Y) = —g3{X,Y)x for any 
X,Y tangent to S'^. Let D be the Levi-Civita connection of C^. By the Gauss formula, and 
by the fact that is unit. 

Now, we consider the curve in J x S-*^ given by a{u) = (s, e'*-^^"-*). Since q(0) = (s,e*^) and 
q'(0) = 96i|(^ gie), we obtain 



u=0 



u=0 



ie^(^+")/32(s) = -e^(^)/32(s). 



u=0 



Finally, we see 

By (13. Sp . we see that tan{V if,g(l)g) = 0. On the other hand, by Lemma 

54((0,Z),(0,Z)) 



noiiV^Jg) = nor(V(o,z)(0,^)) 



/ 



gr:adg^{f) = fgs{Z,Z)f'dt = ff'dt. 



Therefore, we obtain Vw 



ff'dt- As a consequence, we get 



h^{U2,U2) = ^g4,{V^g(l)g,r]N)r]N + jigi{y<t>g4'9,r]B)VB 

= '-2fgs{dt, N)r,N + '-^Mdt, B)r,B. 
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Proposition 3.7 Given {s,e ) S S, the mean curvature vector of the immersion (j) is space- 
like (resp. lightlike/ zero, timelike) if, and only if, 

62 + ^g3{dt,Nij + £3 (^^Udt, B)^ > {resp. = 0, < 0). (3.6) 

Remark 3.8 Let us assume that the curve a satisfies that for some sq G J, the point 
to = t{so) is such that /'(to) = 0. According to ()3.6p . the mean curvature vector of (j) 
is hghtlike/zero (respectively, timehke or spacelike) iff e2K'^{so) = (resp. < or > 0). 
Moreover, in case the equality holds, the curvature at sq must vanish, i.e. k(so) = 0, and so 
our procedure is no longer valid at this point (recall that we assumed a Frenet basis with the 
assumption k > 0). As we will see later, sometimes we can overcome this difficulty by using 
a continuity argument. 

Finally, we point out that given a curve 02 ■ J C ^ S^(l/2), the lift of 02 to via 
the Hopf projection vr is classically called a Hopf tube. If, in addition, J = M, 02 is periodic 
and 02 has no self- intersection points (in other words, the image of a2 is homeomorphic to 
a circle), the Hopf tube is an (embedded) Clifford torus in This clearly extends to our 
curves a and immersions (j); that is, if the image of a : M — )• is homeomorphic to a circle, 
the associated lift is a torus without boundary embedded in Mi. 



3.4 A simple example 

Let 7 : J C M §2(1/2) be a Frenet unit curve. Let be the Levi-Civita connection of 
§2(1/2). The Frenet apparatus of 7 is {d'y/ds,n} with geodesic curvature c. In other words, 

"^X/dsdl/ ds = cn, VX/ds^ = -c • d-f/ds, 

and {d'y/ds,ii} is a positive basis for the usual orientation on S'^{l/2). Given to £ -^1 let 
us define 02 : J C M — )• §^(1/2), 02(3) = 7(s//(to)), and the curve a : J — )• Mi, a{s) = 
{to, 02(3)). Simple computations give a = (6,02) = (j^^j^^- We call v = j^. Note that 
(0, v) is unit for ^3, and therefore, a is a spacelike unit curve in Mi. Then, we easily obtain 

V = -^n, Vln = -cv. 

We put T = d = (0, v). From Lemma [3^21 we have VyT = V(o,v)(0) v) = tan^V(o,v)(0; v)^ + 
nor(^V(o,v)(0,v)) = (o,V2v) - g3((0,v),(0,v)) ^ j^n). The square 53-norm of 

VtT is g^iyrT^VrT) = — I- /^52 (^p-n, p-n^ = ^—jr^. In order to obtain a Frenet 
curve, we must assume — (/')2 ^ everywhere. We define 



A := c2 - iff, 5 := sign(A) = ±1, 
According to previous computations and notation, we have 



K : = 



(3.7) 
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Therefore, we can choose 
N = 



f'6 6cn \ 



/6A fV6A^ 



B 



f'n 



In fact, it is easy to check that {T, N, B} is an orthormal basis along a, with e2 = S = —e^. 
Let us check that it is also positive. We recall that we should compare it with {dt,j',n}, 
bearing in mind (I3.7P : that is to say, we compute 



det(T, N,B) 





1// 




f'S 


c 


VSA 










5c 


/' 


f^/5E 





PA 



f c 
c f 



With this curve q, we construct an immersion (p as in ()3.4p . By ()3.6p . we can study the causal 
character of the mean curvature vector ffj, of (j). Thus, we have 



i\2 



l\2 



/6A 



\ f fV6Aj P 

This means that is spacelike (resp. lightlike/zero, timelike) if, and only if, 

S := 5((c2 - 2f'{toff - f'itofc^) > (resp. = 0, < 0). 

For instance, if the chosen level to gives rise to a critical slide /'(to) = 0, the mean curvature 
H(f) is always spacelike. ■ 

11 4 

Proposition 3.9 There exist infinitely many embedded tori : S x S — )• which are 
trapped, marginally trapped or untrapped (whenever f is not constant everywhere). 

Proof. We resort to previous example. Pick a point to such that, say, /'(to) > 0, and consider 
a curve 7 with constant geodesic curvature c (i.e., the curve 7 is a small circle of S^(l/2)). 
If c = 2/' (to) holds, simple computations show 5=1 and 5 = 0. This means that the 
embedding cj) is a marginally trapped surface. On the other hand, if c > 2/' (to), we have 
5 > 0, which is the spacelike case. Finally, if we take /'(to) < c < 2/'(to), then the mean 
curvature vector of (j) is timelike. ■ 

Remark 3.10 Previous proposition can be directly obtained from Theorem 12. H just by 
considering suitable CMC tori in = S^. 

3.5 Marginally trapped surfaces crossing expanding and collapsing regions 

Consider the toy model Mi = I x f S^(l/2) associated to a closed FLRW spacetime = 



I Xf§^. Let a: J C 



Ml, s I—)- {t{s),a2{s)) be a curve with t = /i(t); in particular, 
i{s) = h'{t)i{s) = h'{t)h{t). 
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If we impose the vector field a = T = h{t)dt + 0:2 to be unitary, i.e. 

g^ia, a) = -h{tf + f{tf 92(^2, "2) = 1, 

we deduce, 

. l + h{tf 
92{a2,a2) = — ^^^p— ■ 

Consider the unitary reparametrization a2 of 0:2, i.e. 



a2 = pa2, P= ^^^s^ , £?2(Q!2,Q!2) = 1 £?(Q;2,a2) = /(t) j 

Then, T can be rewritten as 

T = h{t)dt + pdc2. 



Moreover 



/■'ft) . 

V^^dt = Va,a2 = ^a2, VoA = 0. 



Therefore, we deduce: 

= i{s)dt + i(s)2Vs,at + i{s)VaAt + pa2 + P (i(s)Va,d2 + V^^^2) 

= h'{t)h{t)dt + h{t)pV^^dt + p(i2 + /i(t)pVa,^2 + P^V^^^2 

= h'{t)h{t)dt + 2h{t)p^di2 + pa2 + P^V^^52 

= + (2h{t)pi^ + p)&2 + p' (V|^52 + f{t)f'm) 

= {h'{t)h{t) + p^ fit) fit)) dt + (2hit)p^ +p)dc2 + p'Vl^a2, 
where the partner function of a2 becomes 

2h(t)pm + . - 2h(t)pl^ - ^r, d^+Ht)')m-mhit)h'it) 



fit) J fit)^/i + hW' 

Next, let {a.2,M] be some orthonormal basis of TS'^(l/2) along 02- Assume that 0.2 is a 
circle (non-necessarily maximum) in 5'^(l/2). Then, 

V^. a2 = kH. 

a2 
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In conclusion, we deduce 



,2>/'^ f» . I' i \ , (1+''') 



In particular, if we recall that V^T = e2KN, we have 



g,{VTT,VTT) =[hh' + {l + h')^] l^)+{l + h 



7^ 



Therefore, from the last equality in this expression: 

= 62(1 + h') ^i^±p^ - ((In VTTT?)' + (In/)')') 

Next, we are going to compute the vector field B. To this aim, we write it as: 

B = Adt + 3^2 + CM 



Taking into account (|3.9p in (j3.10p we deduce: 



(3i 



By imposing ^fg we deduce 

B = , ^ A. (3. 
On the other hand, by imposing 53(A^, i?) = we have 'g^iVxT, B) = 0, and so, 



M' + (1 + h')^j ^-A + ^=p^ ) + (1 + ^ = 0. (3.10) 



o = -^^ + yj^ + (i + /.^).c. 

Therefore, if A; 7^ we have 

Next, we impose g3{B,B) = -A^ + p{B^ + C^) = £3. Taking into account (j3^ . ([3^ and 
()3.1ip in this expression, one deduces: 

Next, we impose that the surface S generated by the curve a is marginally trapped (I3.6P : 

,2 / J., N 2 



(AC+f53(9t,A^)) = (f53(9t,i?))^ 



(£2/^2- (In/)' (M' + (l + /i2)(ln /)'))' = {{\nf)'fK''A 
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If we develop both members of the equation, we deduce: 



2((ln + (^3(ln VYTh^)' + ' y (In /)' + ((hi VY^)'f - '-^^^ = 0, 
which is a second order equation for (In/)'. The discriminant of this equation is: 

2 



Therefore, the solutions are 

-3(ln VTTh^y - ^v^Wfc ± ( (In ^TTT?)' + 3e^^i±^) 
(ln/)'± = ^ f 

that is, 

r /; = -^(in ^/rT7^ )7+ + ^ ViT¥ k 

\ f'_ = -{In VTTh^Yf- - eVTTh^k. 

The solution (ln/)'_ implies k = (recall (j3.8p ). So, take the solution (In /)'_,_ with e = +1. 
Take also t{s) = sin(s), and thus, h{t) = ztVl — f^- In this case, the warping function / must 
satisfy the differential equation 



/'(t) = ^(^^/W + ^^^fe, /(0) = /o>0. (3.12) 

So, according to previous construction, we will obtain a marginally trapped surface crossing 
expanding and collapsing regions along a closed FLRW spacetime with, say, I = (—1.3, 1.3), 
if, in addition, the following two properties hold for /o big enough: 

(i) fit) > for all t £ [-1.3, 1.3], and 

(ii) f'{t) changes its sign along (—1, 1). 

For (i), first we are going to prove that f{t) > on [0,1.3]. By contradiction, we assume 
there exists ti E [0, 1.3] such that /(ti) < 0. Since /'(O) = k > 0, f has to start to decrease 
at a certain point, and therefore there exists to £ (0,ti) such that /'(to) = 0, /(to) > 0. This 
is in contradiction to the fact that 



Next, we focus on [—1.3,0]. Let g{t) be the solution of the problem: 

9'it) = ^^^j^k, 5(0) = /o. 
It is straightforward to check that 

^(t) = -A;tV2-t2 + _arcsin(t/\/2) + /o on [-1.3,0]. 
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In particular, we notice that g{t) > on [—1.3,0] whenever /o is big enough. We are going 
to show that, under these conditions, g{t) < f{t) on [—1.3,0]. To this aim, define 

r = {tG [-1.3,0]: git) < fit)}. 

Since 5(0) = /o = /(O), it is G T / 0. Moreover, F = (c/-/)-i((-oo, 0]) is closed in [-1.3,0]. 
In order to show that F = [—1.3,0], it suffices to prove that T is open, or, equivalently, if 
[t, 0] C r then [t — e, 0] C F for some e > 0. So, assume that [t, 0] C F. Then, fit) > git), and 
thus, 

fit) - g'it) = /(t) < 0, for all t G [t, 0]. 

Therefore, 

i-O 

f'(t)(R < J g'(t)dt, and thus, fit) > git). 

By continuity, there exists e > such that f(t) > g(t) for alii G [t — e,0], and so, [t — e,0] C F. 
Summarizing, we have proved that property (i) above holds whenever /o is big enough. 

For property (ii), observe that /'(O) > 0. Moreover, /(—I) > 5'(— 1) oo if /o oo. 
Therefore, 

f'i-l) = -^-^ + ^ < if enongh. 

Hence, property (ii) also holds whenever /q is big enough. 

In conclusion, we have proved the existence of a closed FLRW spacetime admitting a 
marginally trapped surface crossing expanding and collapsing regions. 

Remark 3.11 Two important subtleties have been omitted in previous development: 

1. Notice that our approach breaks down at the points where function h becomes zero, 
i.e. for tis) = ±1; and so, we cannot ensure, a priori, that our surface is marginally 
trapped at the corresponding points. This difficulty is overcome just by noting that the 
continuity of the length of the mean curvature vector, joined to the fact that this length 
is zero at the rest of the points, ensures that it is also zero here. 

2. A similar argument shows that our surface is marginally trapped at the points where /' 
vanishes (which must exist by property (ii)). From (j3.12p it is straightforward to check 
that these points are isolated in /, and so, again a continuity argument on the length 
of the mean curvature vector ensures that the surface is also marginally trapped there. 



4 Marginally trapped tubes in FLRW spacetimes 

In the present paper we propose the following definition of marginally trapped tube (compare 
with the definition of MOTT in [Ij): 

Definition 4.1 A smooth manifold G which admits a foliation {Sx :G A G A}, is a marginally 
trapped tube in a spacetime M if there is a smooth immersion of codimension 1, ^ : G ^ A4, 
such that: 

(A) Each ^iS\) (X G A) is a marginally trapped surface in M, and 
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(B) $(5a) n $(5^) = for any n,XeA, fi^X. 

The second condition is required in order to avoid self-intersections in the direction of prop- 
agation of the tube. 

With this definition in mind, we are going to apply our approach to obtain some informa- 
tion about marginally trapped tubes in FLRW spacetimes. We begin with the following direct 
consequences of the corresponding existence/non-existence results for marginally trapped sur- 
faces in Section[2](Cor. [221E31): 

Corollary 4.2 (Existence result). There exist marginally trapped tubes whose t-sections are 
formed by closed marginally trapped surfaces of any genus in closed (M^ = FLRW space- 
times. 

Corollary 4.3 (Non-existence result). Let 'm\ = I x f Af^ be a FLRW spacetime with fiber 
= H'^. There are no marginally trapped tubes, with t-sections formed by closed marginally 
trapped surfaces, crossing tQ- slices with |/'(to)| < 1- 



Next, we are going to give examples of marginally trapped tubes with any type of causality 
in closed FLRW spacetimes. 



4.1 Examples of marginally trapped tubes with different causality 

4 q 

Given a closed FLRW spacetime Mi = / x j S'^, first we are going to construct a marginally 
trapped tube foliated by Clifford tori (see Section [2]) and defined for any time. 
We define the smooth function 

/i : / (0, 7r/2), h{t) = ^arccot {^-^^ ^"^^^^"^ (^^2^) ' 

whose derivative is 



Next, we define the embedding 

(/) : I X §1 X §1 ^ mJ, 



h'{t) 



-f"{t) 



4 + /'(t)2- 



^(t,e^^e^^) = (t,e*^cos(/i(t)),e*''sin(/i(t))) . 

We notice that for each t £ L, the surface (j){t,—,—) : §^ x ^ Mi, is a Clifford torus 
embedded in the f-slice. By comparing with the expression of the Clifford torus, we see that 
the length of the mean curvature of the torus (see (12. 3p ) at t is H-f^uH, with u = h[t). A 
straightforward computation shows 

\\Hu\\u=h(t) = |2cot(2n) \u=h(t) I = \f'{t)\- 
By Theorem 12.11 for each t, the torus is a marginally trapped surface. 
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Next, we pay attention to the causal character of the embedding (f). In this sense, we are 
going to compute the first fundamental form induced by ^4 on our surface. To this aim, first 
we compute the derivatives 

(f>t = (l,-e'^sm{h{t))h'{t),e''' cos{h{t))h'{t)^ , 

(f)0 = (o,ie'^ cos{h{t)),0^ , 
(f)^ = {0,0,ie''' sm{h{t))) . 
A straightforward computation shows 

{f{t)h'it)f - 1 



*54=| {f{t)cos{h{t))f 

{f{t)sm{hm 



2 



Since < h{t) < 7r/2 for any t G I, the derivatives cpg and 4>i^ are always spacelike. Thus, 
everything depends on the derivative (j!)^. By recalling the expressions of and h'{t), we 
obtain 



zit) := -g,{^„ ct>,) = -1 + (f^p^) ' • (4-1) 



This expression can take any value, positive, negative or zero, depending only on the warping 
function /. We show a list of particular cases: 

1. We choose non- negative real constants a and b such that = 4 + b^. In particular, 
a > b, which makes the function / : J = M — ^ (0,oo), f{t) = acosh(t) + 6sinh(t) well- 
defined. A simple computation shows z{t) = 0. Therefore, (pt is everywhere lightlike, 
and so is the corresponding marginally trapped tube. 

2. We choose real constants ci,C2 > 0. Then, the function / : R — t- (0,cx)), f{t) = 
-^^t +cit + C2 is well-defined. A simple computation shows z{t) = —3/4. This implies 
that (pt is everywhere timelike, and so is the corresponding marginally trapped tube. 

3. We define the function / : (—1, 1) — )■ (0, cx)), f{t) = jzp- Now, we see 

z{t) + 1— ' ' - 



\4: + f'{tyJ ts -4t6 + 6*4 + 1- 

If we show that z{t) > 1, then we obtain that (pt is always spacelike, and thus, the 
marginally trapped tube is also spacelike. By simple computations, we have that for 
any t G (-1, 1), z{t) + 1>2 <^ > t^{t^ - + 6t^ - 3). Standard computations 
give that the only real roots of the equality are t = 0, ±1. This readily proves z{t) > 1 
for any t G (—1, 1). 

4. We define the function / : R — > (0, 00), f{t) = 3 -|- cos(2t). A straightforward computa- 
tion gives 

4cos2(2i)(3-|-cos(2t))2 



(3 - cos(4t)) 



2 



It is easy to check z{0) = 15 and z{tt/4:) = —1. Therefore, the marginally trapped tube 
changes its causal character with time. 
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5 Marginally trapped surfaces in t-slices of twisted spaces 

Assume that the warping function / also depends on the fiber M^, i.e. / : / x — t- (0, oo). 
Denote again by = I x f the Lorentzian twisted manifold given by the product 
manifold / x endowed with metric ^4 = —dt"^ + /"^gs- As in Section El let : 5 — )• 
be an immersion of S in M^, tp : — )• / x j the embedding of in I x j and 
(j) : S ^ I X f the corresponding immersion of S in the twisted product, both in a t- 
slice. Again from [9l p. 79], we have the following relation between the corresponding second 
fundamental forms: 

h^{X,Y) = h^{X,Y) + h^{X,Y), whereby X,Y e X{S). 

From [26\ Prop. 2], the second fundamental form is 



h4X,Y) = 
where we have used that 



-g,{X,Y)^^=UX,Y) 

df d 



dtf. 
f 



1 



-dtfdt + j^gradgj. 



Hence, 



h4X,Y) = h^{X,Y) + g^{X,Y) 



It'* 



1 

7^ 



gradg3/ 



Taking one half of the trace of the above expression, using an orthonormal frame {dt, 
w.r.t. the metric ^4, i.e. Ei = j- whereby {ei}^^^ is the corresponding orthonormal frame 
w.r.t. the metric 53 on (and S), one obtains 

1 



Hrh 



- ygradgg/^ ^ T^*' 



(5.1) 



where Hs and H^p stand for the mean curvature associated to Ha, and h^p^ respectively. 



Theorem 5.1 A surface S contained in a tQ- slice of twisted Mi 
trapped iff its mean curvature vector satisfies: 



I X f is marginally 



1 



f{to,-y 

On the other hand, S is trapped iff 



grad /(to,-) 



/(to,-) 



gradg3/(t, 



\dtf{to,-)\- 



< \dtfitor) 
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